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Abstract
TheDirichlet boundary value problem forBerger equation is reduced to the successive sequence of boundary value
problems, which may be decomposed into a coupled systems of Poisson and Helmholtz equations. Convergence
of a series in solutions of the systems of coupled equations to the solution of Berger boundary value problem with
Dirichlet and the mixed boundary conditions is established. The bounds for the coupling function are found and
explicit value of the upper bound is obtained for the biharmonic boundary value problem in a circular domain.
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0. Introduction
The boundary value problems related to Berger equation [3] have applications in physics, mechan-
ics and engineering. In particular, the Dirichlet problem for Berger equation presents straightforward
application in the theory of ﬁnite deﬂection of thin plates [11,12,21].
The biharmonic boundary value problem with Dirichlet boundary conditions may be considered as a
special case of the Dirichlet boundary value problem for Berger equation. Treatment of both boundary
value problems is especially simple in a special case when boundary conditions imposed on the unknown
function and the Laplacian applied to this function, since under these boundary conditions the problems
may be reduced to a system of coupled problems of the second order.An application of this approach to the
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biharmonic andBerger boundary value problemswithDirichlet boundary conditions is not straightforward
and generally leads to iteration schemes [4,13,17,19].
Dorodnitsin presented an approach [4], which leads to an expansion of the solution of the biharmonic
boundary value problem with Dirichlet boundary conditions in solutions of the biharmonic boundary
value problems, which may be decomposed into a systems of coupled equations. Paltsev [17] estab-
lished the bounds on a coupling function, under which this expansion converges to the solution of the
biharmonic boundary value problem with Dirichlet and the mixed boundary conditions, and speciﬁed the
functional classes, to which the prescribed functions and the solution of the problem belong. McLaurin
[13] shows that a system of coupled equations, which is equivalent to the biharmonic boundary value
problem with Dirichlet boundary conditions, may be solved by iterations, and the iterates may be repre-
sented as a linear combination of the eigenfunctions of the so-called Dirichlet eigenvalue problem. The
Dirichlet eigenvalue problem to which we shall frequently refer in later sections is a special case of regu-
lar elliptic eigenvalue problem, which have been studied by many authors. Regular eigenvalue problems
for ordinary differential equations have been considered in [8,9,22,18,24,26,23], while partial differen-
tial equations with an eigenparameter in the boundary conditions have been studied, for example, in
[5–7,16,10,25,27].
The object of this paper is to develop the Dorodnitsin approach to the Dirichlet boundary value
problem for Berger equation. The development is based on Paltsev’s proof of the expansion theorem
for the biharmonic boundary value problem and may be considered as further generalisation of that.
The problem is associated with a positive self-adjoint and compact operator K in a suitable deﬁned
Hilbert space of boundary functions, which results in an eigenfunction expansion theorem. The bounds
for the coupling function, which assure convergence of the expansion are deﬁned by the value of the
norm, ‖K‖.
1. Dorodnitsin expansion
Let be a bounded domain in a realm-dimensional Euclidean space, with sufﬁciently smooth boundary
 to ensure the existence of a solution to the Dirichlet problem
2u(q) − k2u(q) = f (q), q ∈ , u| = 0, u
n
∣∣∣∣

= 0, (1.1)
where  denotes the Laplace operator, f (q) is given, sufﬁciently smooth function, /n is the derivative
in the direction of exterior normal, and k2 is a nonnegative constant.
To reduce the Berger boundary value problem (1.1) into the boundary value problems of the second
order let us consider, following Dorodnitsin, [4], the single-parameter family of problems:
2u(q) − k2u(q) = f (q), q ∈ , u| = 0, u| = 
(

u
n
+ u
)∣∣∣∣

, (1.2)
where  is a nonzero function on the boundary .With =1, problem (1.2) is the Dirichlet boundary value
problem for Berger equation, (1.1), while with  = 1 it reduces to a boundary value problem, which may
be decomposed into a system of coupled boundary value problems for Poisson and modiﬁed Helmholtz
equations.
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Let us try as a solution of problem (1.2) the expansion of unknown function u(q, ) into a power series
of the parameter 
u(q, ) =
∞∑
k=0
kuk(q). (1.3)
The formal substitution of (1.3) into (1.2) yields the sequence of the boundary value problems:
2u0(q) − k2u0(q) = f (q), u0| = 0, u0| = 0,
2uk(q) − k2uk(q) = 0, uk| = 0, uk|=
(

uk−1
n
+uk−1
)∣∣∣∣

, k = 1, 2, 3 . . . , (1.4)
which may be reduced to a sequence of coupled system of equations of the second order.
To establish that the series (1.3) is a solution of the Dirichlet problem (1.1), it has to be shown that:
(i) The solution of problems (1.4) exists.
(ii) The series (1.3) converges for a proper choice of the function  and ||1.
(iii) The sum of the series (1.3) satisﬁes Dirichlet conditions on the boundary  for  = 1.
2. Convergence of the expansion
Since each boundary value problem (1.4) may be represented as a pear of Dirichlet problems for
Poisson and Helmholtz equations, the theorems of existence of regular solutions, i.e., of class C2 in , of
elliptic equations of the second order [15] can be utilised. Thus, under the assumptions that the boundary
 ∈ C4+l, and function f (q) in (1.4) is of class Cl, on , each problem in (1.4) admits one and only
one regular solution, such that
u0 ∈ C4+l,( ∪ ), u1 ∈ C5+l,( ∪ ), u2 ∈ C5+l,( ∪ ), . . . , (1.5)
where Cl,() denotes the class of functions possessing l with -Hölder continuous derivatives in  [15].
Thus, let the function f (q) in (1.4) be of class Cl, and  ∈ C4+l,, then each of the problem (1.4) is
of the general form
2u(q) − k2u(q) = 0, q ∈ , u| = 0, u| = g(p) (1.6)
and has a unique regular solution u(q) for every function g(p) of class C3+l, on .
Let us associate every continuous function g(p) on  with a unique solution u of problem (1.6), thus
deﬁne, following [13,17], a linear operator Rg(p) ≡ u(p). Then, the solutions, uk of (1.4) may be
represented by [17]
u1 = R 
n
u0, uk =
(
I + R 
n
)k−1
R

n
u0, k = 1, 2, 3 . . . . (1.7)
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To establish the convergence of the series (1.3) to the solution of Dirichlet boundary value problem (1.1)
let us consider the partial sum
uN(q, ) =
N∑
k=0
kuk(q) = u0 +
N∑
k=1
k
(
I + R 
n
)k−1
R

n
u0. (1.8)
Since uk(q, ), k = 0, 1, 2, . . . , N are the solutions of (1.4), the partial sum uN(q, ), (1.8) obviously
satisﬁes Berger equation and prescribed boundary condition for the function on  for each value of the
parameter . It remains only to ﬁnd, for which choice of the function  the expression

uN(q, )
n
− (1 − )uN(q, )
∣∣∣∣

= 
[

(
I + 
n
R
)]N u0
n
∣∣∣∣

(1.9)
converges to zero as N → ∞ in a sense to be deﬁned which, for  = 1, will assure the convergence of
uN(q, 1), (1.8) to the solution of the Dirichlet boundary value problem (1.1).
The strategy that will be employed here follows that of Paltsev [17] and McLaurin [13] and utilises the
Green’s functions for representation of the solutions of Laplace and Helmholtz equations. An obvious
representation of (1.6) as a coupled system of boundary value problems is as follows:
u(q) − k2u(q) = v, u| = 0,
v(q) = 0, v| = g(p). (1.10)
LetGL(p, q) denote theGreen’s function for theDirichlet problem for the Laplace equation of the coupled
system (1.10), in a domain , bounded by . Then, the solution of this problem may be represented as
[20,14,15]
v(q) =
∫

g(p)
GL(p, q)
np
dp (1.11)
Further, if GH(p, q) denotes the Green’s function for the Dirichlet problem for the Helmholtz equation
in (1.10), the solution of problem (1.6) can be ﬁnally obtained in the form
u(q) = Rg(p) =
∫

GH(p, q)v(p) dp =
∫

GH(p, q)
∫

g(r)
GL(r, p)
nr
dr dp
=
∫

{∫

GH(p, q)
GL(r, p)
nr
dp
}
g(r) dr . (1.12)
Since u(q) is a continuously differentiable function in the closure of  except at a ﬁnite number of points
p = q, where it has a weak singularity [15], the gradient of u(q) is then well deﬁned on the closure of
the domain  as follows:
u(q)
n
=
∫

{∫

GH(p, q)
nq
GL(r, p)
nr
dp
}
g(r) dr =
∫

K(r, q)g(r) dr , (1.13)
where the kernel function
K(r, q) =
∫

GH(p, q)
nq
GL(r, p)
nr
dp (1.14)
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is continuous on the boundary except at a ﬁnite number of points r=q and is composed with the Green’s
functions for Laplace and Helmholtz equations in the domain . Let us deﬁne the operator K = R/n,
which associates functions g(p), deﬁned on the boundary , with the gradient of a solution u(q)/n of
problem (1.6). From the Green’s function properties follows that function (1.14) is a kernel with a weak
singularity, hence the operator
Kg(q) = (Rg(q))
n
=
∫

K(r, q)g(r) dr (1.15)
is an integral operator with a weak singularity [14]. As an integral operator with a weak singularity it is
deﬁned on the whole L2(), bounded on this space and compact [14]. The symmetry of the operator K,
i.e., (g,Kf )L2()=(Kg, f )L2() can also be assured if the kernel function,K(r, q), satisﬁes the symmetry
condition, K(r, q) = K(q, r) [14]. For the biharmonic boundary value problem with Dirichlet boundary
conditions (k2 = 0) the symmetry of the kernel K(r, q) is a direct consequence of the Green’s function
symmetry. For Berger equation, the symmetry of the kernel K(r, q) do not follow straightforward from
symmetry of the Green’s functions. The required property can be established by employing an alternative
to (1.10) representation of (1.6) as a coupled system of the boundary value problems:
v(q) − k2v(q) = 0, v| = g(p),
u(q) = v(q), u| = 0. (1.16)
In contrast to representation (1.10), (1.16) is composed of the homogeneous modiﬁed Helmholtz equation
and Poisson equationwith homogeneous boundary condition. The above used construction, which utilises
the Green’s functions for the representation of the solution of the coupled system (1.16) leads to the
following expression for the normal derivative of the solution:
u(q)
n
= Kg(q) =
∫

{∫

GL(p, q)
nq
GH(r, p)
nr
dp
}
g(r) dr =
∫

K(q, r)g(r) dr . (1.17)
Comparing (1.13) with (1.17), by virtue of the uniqueness of the solution of the Dirichlet boundary value
problem (1.1), gives the required symmetry property of the kernel function K(r, q)
K(r, q) =
∫

GH(p, q)
nq
GL(r, p)
nr
dp =
∫

GH(r, p)
nr
GL(p, q)
nq
dp = K(q, r). (1.18)
Since the operator K is symmetric, bounded and deﬁned on the whole L2(), it is self-adjoint [1].
Now it has only to be shown that the operator K is positive. For every sufﬁciently smooth g(p) ∈ C(),
Kg = u(q)/n and g(p) = u| from the second Green’s identity follows:
(Kg, g)L2() =
∫

u(q)
n
u(q) dq =
∫

((u(p))2 − k2u(p)u(p)) dp. (1.19)
Since u(q)| = 0, the ﬁrst Green’s identity gives∫

u(p)u(p) dp = −
∫

∇u(p) · ∇u(p) dp, (1.20)
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hence
(Kg, g)L2() =
∫

(u(p))2 dp + k2
∫

∇u(p) · ∇u(p) dp0. (1.21)
Since the operator K is compact, the inner product is continuous on L2(), and C() is dense in L2(),
inequality (1.21) holds for every function from the closure of C(), i.e., for every g(p) ∈ L2(), which
was to be shown.
With reference to the above considered properties of the operator K, the usual expansion theorem [1]
states that K has a complete system of pairwise orthogonal eigenfunctions e1, e2, e3, . . . in L2(), which
corresponds to the real eigenvalues 0< · · · 321 = ‖K‖, i → 0, as i → ∞. The sequence of
eigenfunctions has the property that for every g(p) ∈ L2()
g(p) =
∞∑
i=1
(g, ei)ei =
∞∑
i=1
aiei,
∞∑
i=1
|ai |2 = ‖g‖2. (1.22)
To assure the convergence of the partial sums uN(q, ), (1.8) to the solution of the boundary value problem
(1.1) let us return to the operator [(I +K)]N , (1.10), where assume  to be a scalar parameter. Clearly,
operator I + K has the same as operator K eigenfunctions e1, e2, e3, . . ., which correspond to the
eigenvalues ¯i = 1 + i , i = 1, 2, 3, . . . and from (1.22) for every g(p) ∈ L2() follows:
(I + K)Ng =
∞∑
i=1
(¯i)
Naiei , (1.23)
where ¯i , i = 1, 2, 3, . . . are eigenvalues of the operator I + K. Hence,
‖(I + K)Ng‖2L2() =
∞∑
i=1
(¯i)
2N |ai |2 → 0 as N → ∞ (1.24)
if |¯i | = |1 + i |< 1. This inequality is satisﬁed if and only if
−2/1 < < 0, (1.25)
where 1 =‖K‖ is a biggest eigenvalue of the operator K. In this case the series (1.3), where the functions
uk(q), k = 1, 2, 3, . . . , N are solutions of the successive boundary value problems (1.4) converges for
= 1 for every prescribed on the boundary function, g(p) and the sum of the series satisﬁes the Dirichlet
boundary value problem (1.1) for Berger equation.
It is also apparent from (1.24) that ‖(I + K)Ng‖L2() approaches inﬁnity as N → ∞ if −2/1 > ,
or 0<  for every function g(p) ∈ L2().
The bounds for the coupling constant  obtained above obviously coincidewith those for the biharmonic
boundary value problem with Dirichlet boundary conditions [17], but the operator K is now deﬁned by
Berger equation. Since representation (1.2) may be considered as the boundary value problem with
eigenvalue parameter in boundary condition, the bounds (1.25) could also be expressed via a smallest
eigenvalue of the Dirichlet eigenvalue problem [14].
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3. The mixed boundary conditions
The mixed boundary value problem for Berger equation:
2u(q) − k2u(q) = f (q), u| = 0, u
n
∣∣∣∣
1
= 0, u|2 = 0,  = 1 ∪ 2
can be considered by the similar way [17] if  is assumed to be a piecewise constant function
 =
{
0 on 1,
0 on 2.
In this case the partial sum uN(q, ), (1.8) satisﬁes Eq. (1.26), the boundary conditions on 2 and, if 0
satisﬁes (1.25), then∥∥∥∥uNn
∥∥∥∥
L2(1)
→ 0 as N → ∞, (1.26)
which assure the convergence of the series (1.3) to the solution of the mixed boundary value problem for
Berger equation.
4. Explicit value of the norm, ‖K‖
As the coupling constant  satisﬁes inequality (1.25) the convergence of the series (1.3), even with =1
occurs. To speed-up convergence the biggest eigenvalue or the norm of the operator K must be obtained.
If it is not feasible, an upper bound would be sufﬁcient. In the simplest case of the biharmonic boundary
value problem, i.e., k2 = 0, with Dirichlet boundary conditions, when the domain  is a disc of radius R
with a circle  as it frontier, then 1 = ‖K‖ could be found explicitly.
The kernel function K(r, q), (1.15) may be represented under these assumptions by
K(r, q) =
∫

G(p, q)
nq
G(r, p)
nr
dp, (1.27)
where G(x, y) denotes the Green’s function for the Laplace equation in the domain.
Since for the circle of radius R, G/n is given by [20,14]
G(0, ϑ0; , ϑ)
n
∣∣∣∣
0=R
= 1
2	R
R2 − 2
R2 + 2 + 2R cos(ϑ− ϑ0)
it has a Fourier series [2]
G
n
∣∣∣∣
0=R
= 1
2	R
(
1 + 2
∞∑
n=1
( 
R
)n
cos n(ϑ− ϑ0)
)
, (1.28)
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where r = (0 cos ϑ0, 0 sin ϑ0) and q = ( cos ϑ,  sin ϑ) are the ﬁeld points in a polar coordinates.
Substituting expression (1.28) into (1.27), and integration over the domain yields
K(ϑ¯, ϑ) = 1
2	
(
1
2
+
∞∑
n=1
cos n(ϑ¯− ϑ)
n + 1
)
. (1.29)
The series in (1.29) converges on L2(0, 2	) since {cos nϑ, sin nϑ}∞n=0 is an orthonormal set of functions,
∞∑
n=1
a2n(ϑ¯) =
∞∑
n=1
cos2 nϑ¯/(n + 1)2 <∞ and
∞∑
n=1
b2n(ϑ¯) =
∞∑
n=1
sin nϑ¯/(n + 1)2 <∞.
Let us return to the deﬁnition of the operator K, (1.15), which may be represented in polar coordinates as
Kg =
∫ 2	
0
K(ϑ, ϑ¯)g(R, ϑ)R dϑ,
where g(R, ϑ) ∈ L2(0, 2	). Since ‖ cos(nϑ)‖L2(0,2	) = ‖ sin(nϑ)‖L2(0,2	) = 	,
K cos(nϑ) = R
2(n + 1) cos(nϑ¯), K sin(nϑ) =
R
2(n + 1) sin(nϑ¯), K1 =
R
2
.
Thus, the functions {1/√2	, cos nϑ/√	, sin nϑ/√	}∞n=1 are the complete set of orthonormal eigenfunc-
tions of the operator K, and {√2	R/2,√	R/2(n+1)}∞n=1 the eigenvalues to which it correspond. Hence,
‖K‖=√2	R/2 and for the coupling constant−4/(R√2	)< < 0 series (1.3), where the functions uk(q)
are solutions of the coupled systems of equations of the second order, converges for every prescribed
boundary function g(p) to the solution of the biharmonic boundary value problemwithDirichlet boundary
conditions.
The estimate for the coupling constant , based on (1.25), was used in a numerical application of the
boundary integral equation method [21] to problems of elastic plates.
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